THE EULER POISSON SYSTEM IN 2D: GLOBAL STABILITY OF THE 
CONSTANT EQUILIBRIUM SOLUTION 



ALEXANDRU D. lONESCU AND BENOIT PAUSADER 



Abstract. We consider the (repulsive) Euler-Poisson system for the electrons in two dimensions and 
prove that small smooth perturbations of a constant background exist for all time and remain smooth 
(never develop shocks). This extends to 2D the work of Guo |6j. 
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1. Introduction 

In this paper we investigate the question of global existence for small perturbations of a constant 
background for the following Euler-Poisson system for the electrons in 2 dimensions: 

9tn_ + V • {n^v _) 

n-m,-{dtV- + u_ • V?j_) + Vp(n_) = en_V0 (1-1) 

= 47re(n_ — tiq). 

Here the unknowns are n_ > 0, the density of electrons, and u_ G M'^, the velocity field of the electrons. 
These are functions defined for {t^x) £ M x M^. The positive constants m_, e and uq correspond 
respectively to the mass of an electron, its charge and the average charge of an ion background. Finally, 
p = p(n-) is a pressure function, given by a constitutive relation which for simplicity we assume to be 
quadratic. 

These equations model the behavior of a fluid of electrons in a warm adiabatic fully ionized plasma 
when the magnetic field and the motion of the ions is neglected. Neglecting the magnetic field is customary 
and reduces the number of unknowns. Neglecting the ion motion is relevant since the ratio of the masses 
of the electrons and the ions is typically very smalQ- We refer to IJ for more on the physical background. 



The first author was partially supported by a Packard Fellowship and NSF grant DMS-1065710. The second author was 
partially supported by NSF grant DMS-1142293. 

^It is no bigger than the ratio of the electron mass to the proton mass which equals 1/1836. 
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Equations (jl.ip represent a coupling of a compressible (inviscid) fluid with an electrostatic field. For the 
pure compressible Euler equation, even small and smooth initial perturbations of a constant equilibrium 
can lead to formation of shocks in finite time 15 . 

However, here we show that the coupling with the self-consistent electric field stabilizes the system 
in the sense that small smooth perturbations of a constant background remain global and return to 
equilibrium. This phenomenon was first observed in 3-D by Guo [6|. We also refer to Guo-Pausader [7] 
for a similar result for the ion equation and to the recent work of Gerniain-Masmoudi ,3^ for the complete 
Euler-Maxwell equation for the electrons in 3D. On the other hand, large perturbations can lead to 
blow-up in finite time for the Euler-Poisson equation [8 . 

Previous work on the Eulcr-Poisson system in 2D also includes the work of Jang pjj and Wei-Tadmore- 
Bae [16] for radial data, and Jang-Li-Zhang [12] for the existence of wave operators. 

For simplicity, we assume that the pressure law is quadratic p(?t._) — r_(n_)^/2. The purpose of this 
is only to minimize the number of terms in the nonlinearity, but other powers could be treated similarly. 
After rescaling, we can then reduce to the following systerro 

dtn + V ■ {nv) = 0, 

dtv + v\/v + aS/n = b\7(j), (1.2) 

= n - 1, 

where a,b £ (0, c»), a = T_ni^/m_ is the square of the speed of sound and b = 47re^no/m_ is the electron 
plasma frequency. Our main Theorem asserts that small, neutral irrotational perturbations of a constant 
equilibrium {n,v) = (1,0) are global. 

Theorem 1.1. There exists eo > and a norm \\-\\y such that any initial data {n{x,0),v{x,0)) satisfying 

|i(n(-,0) - l,t;(-,0))||i' < £o, curl,{v{-,0)) = 

leads to a global solution (n, v) of (II. 2p which returns to equilibrium in the sense that 

\\n{-,t) - IIIloo + ||Vw(-,t)||L~ < {l+tr\ 

Remark 1.2. The precise nature of the norm is given in (|2.4I) below. It controls a finite number of 
derivatives and requires localization of the initial perturbations. Its most notable feature is that finiteness 
of the norm implies that the perturbation is electrically neutral: 

/ {n{x,0)-l)dx = 0, 

which is then conserved by the flow. This condition is also necessary in order to ensure finiteness of the 
physical (conserved) energy 

^=\l [n\v\^ +a{n-lf + b\\/<j)\^]dx, (1.3) 

hence we find it an acceptable assumption. 

The irrotationality assumption is also propagated by the flow. It removes a component in the system 
that is only transported and does not obey nice decay estimates. 

Theorem 11.11 follows from the more precise Theorem 12.11 below. In order to attack this problem, we 
restate it as a quasilinear dispersive equation. The main difficulties then come from the slow decay of 
the norms, the quadratic power of the nonlinearity and some nonlocal terms in the nonlinearity (Riesz 
transforms) that prevent good localization of the small frequencies and convenient use of the only almost 
integrable norm {L°°). 



We can even reduce further to a = b = 1; however, we have prefered to keep the constants a and b for their own physical 
interest. 
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The first two problems are classical in the study of quasilinear dispersive systems and several methods 
have been developed to address these difficulties, including normal form transformations [M] and commut- 
ing vector fields More recently refinements and new developments from Gustafson-Nakanishi-Tsai 
[9j [To] and Germain-Masmoudi-Shatah [Sj IH |5] have led to progress in dealing with various physical 
problems. Our analysis is in the framework of this general scheme, and is especially close to the analysis 
of the water-wave problem in [5 . 

The proof relies on two distinct components. The first component, the energy method, exploits the 
existence of a conserved physical energy given in (jl.3p . which comes from the subtle structure of the 
nonlinearity. This implies almost conservation of higher order energies, up to commutators that are 
lower order in derivative and are at least of cubic order and therefore can be controlled if the solution 
decays sufficiently fast. In dimension 3, these error terms are integrable and the higher order energies 
remain bounded (see e.g. [6l I14j). In dimension 2, all the norms are only almost integrable and the 
highest order energy is allowed to grow slowly. 

The second component of the proof is concerned with proving the decay estimate needed to control 
the commutators above. It exploits the fact that we consider a perturbation of a constant solution, 
which allows us to use the Fourier transform method. The analysis here depends on the structure of the 
linearized problem (in particular the dispersion relation uj{k)) and on delicate cancellation properties of 
the nonlinearity (the null structure), which are particularly important to bound the constribution of very 
low frequencies. We first integrate the quadratic terms using a normal form transformatior||. We are then 
left with several cubic terms which oscillate along different phases. We account for the elliptic phases 
(which never vanish) using another iteration of the normal form transformation. This produces quartic 
terms which can be easily estimated. We account for the remaining non-elliptic phase by exploiting its 
more "hyperbolic" nature: it is somewhat local in space and "commute^' at first order with the position 
operator f i-^ xf. 

As mentioned before, this is similar to the approach used in [5 for the water-wave problem, which has 
a similar structure. However, we introduce some different ideas, such as more involved space-frequency 
analysis, that we hope can find further applications. 

First of all, we only work on the linear profile and derive all our estimates from information about 
it. This was already done in [10] in 3D but encounters difficulties in 2D due to the fact that we need 
an endpoint dispersion estimate {L°°). This forces us to localize in space using the resolution of unity 
associated with the position operator in order to create a norm having the nice properties of but which 
is stronger than the L^-norm. Controlling this norm leads us to make most of our analysis in the physical 
space rather than in the Fourier space. We believe this gives a clearer picture and accounts better for 
the finite speed of propagation inherent in dispersive equation^ 

In particular, once we introduce localization in physical space, the main problem becomes to bound 
uniformly the linear profile on a spatial dyadic ring in xL^. Assume to simplify that the initial data is 
only concentrated in the ball of radius 1 and that we are looking at a distance R >> 1. The bound 
follows from three distinct ingredients: 

(1) First, by variation on the finite speed of propagation principle, one can see that, for times t < R, 
the solution at R is only strongly infiuenced by the solution at nearby locations (at distance 
smaller than R/2). Since it starts small and it interacts nonlinearly, it remains so. 



•^This transformation, introduced in 1141 . is always possible if the phase velocity ui(k)/\k\ is decreasing and u](k) > is 
increasing. 

*in the sense that, as for "commuting vector fields", it obeys a variant of Leibniz rule: xT[f,g,h] = Ti[xf,g,h] + 
T2[f,xg,h] + T^lf, g, xh] where Ti, T2 and T3 have similar properties as T 

^Note that this finite speed of propagation is only for the linear flow. The nonlinear flow contains nonlocal operators 
(Riesz transforms) and does not satisfy exact analogues of the finite speed of propagation for solutions of Klein-Gordon 
equation, except in the radial case as pointed out in [11) . 
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(2) Second, by decay property of the solutions, all the interactions after a time t > R^^^ add up in 

to a size smaller than /j;i-'5/ioo g^j-^^ thus are acceptable. 

(3) Finally, one only needs to consider a small portion of space-time when R ^ x, R < t < R^'^^ . 
This is of course the main interaction region. In this region, various decay estimates (in time or 
in space) become equivalent which gives more flexibility. Since for cubic nonlinearities, one only 
need a small improvement on the decay estimates, this region can be controlled by exploiting the 
"hyperbolic" structure of the phase: it cannot be stationary in all directions. 

Our strategy is as follows: In Section [21 we reformulate into a quasilinear scalar dispersive 

equation for a complex-valued unknown, ()2.3|) by diagonalizing the linearized system. We then prove our 
main theorem about the new equation. Theorem 12.11 assuming two propositions. This implies Theorem 
ll.ll ln Section [21 we prove our first proposition. Proposition 12 .21 which gives a good local existence theory 
with energy estimates suitable for our analysis. In Section[4]we prove the second proposition. Proposition 
12.31 which implies the decay of solutions needed for the energy estimates. This is done by first using a 
normal form transformation and then following the strategy explained in points (1), (2) and (3) above. 
Finally in Section [5l we collect various technical estimates needed in the analysis. 



2. Main definitions and propositions 

We first remark that since we start with irrotational initial velocity, the velocity remains irrotational, 
since w = curl(i') satisfies a well-known transport equation. Hence we may assume that v — V/i for some 
velocity potential h. We also set n = 1 + p and (|1.2[) becomes 

dtp + Ah + da{pdah) = 0, 
dth + {l/2){dahdah) + ap^b(l). (2.1) 

Let |V| denote the operator on defined by the Fourier multiplier ^ M- |^|, and let g := |V|^^p. In 
terms of g, h the system (|2.ip becomes 

dtg~\V\h+\V\-'d,i\V\g-d,h) = 0, 

dth + (a|V| + b\\'\-^)g + {l/2){djhdjh) = 0. 

Letting 



U := y^a\V\^ + bg + i\y\h, 

we derive the equation 

. 2 . 2 



{dt + iK)U = -J2 i?jA[|V|A-i([/ + U) ■ R,{U - C/)] + g E 1^1 [^^(^ - ■ Rj^U - ' (2.3) 



where 



A:= v/a|V|2+5, R,:^d,/\V\. 



We fix iy9 : R [0, 1] an even smooth function supported in [—8/5, 8/5] and equal to 1 in [—5/4, 5/4]. 
Let 

Lpk{x) := ip{\x\/2^) - ip{\x\/2^-^) iov any k (^Z, X em?, ipi -.^ ^ (p„ for any / C R. 

Let Pk, fc G Z, denote the operator on defined by the Fourier multiplier ^ -> fk{£,)- Similarly, for any 
/ C M let Pj denote the operator on defined by the Fourier multiplier ^ — > ^i{£,)- For T > I and 
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integers 1 < A^o < we define 

(R2 X [0,r]) := {/ e C([0,r] : i?^(M2)) : e"^/ e C([0,T] : Y^^iR^)) 

and||/|U«:= sup (1 + t)-*||/W|U« + sup ||e'*A/W||^«o < oo}, (2.4) 
te[o,T] te[o,T] 

where 

y^«(R2) := {cf, e L\R^) : := + ||,^||z < c»}, 



||<^||z :=sup(2'^-/io + 2i"'=)[||Ffc0|U.+ ^ 2^\\ip,ix) ■ PkH^)h2\. (2-5) 

The spaces are our main spaces, and we use them to control our "smooth" sohitions. First we 
control the high energy norm which is allowed to grow slowly in time; this growth appears to be 
necessary in 2 dimensions, due to the non-integrable factor (1 + t)~^ in the dispersive bound (|2.7p below, 
but is not necessary in 3 dimensions (see [6]). 

We also control an intermediate energy norm H^°, for some Nq chosen smaller than N, uniformly in 
time. This intermediate norm is mostly for convenience and can be removed. 

Finally, we control the key Z norm described in (j2.5p . which captures the dispersive nature of our flow. 
Variants of this norm are of course possible, see for example the similar norms used in [3J |31 [S] . We make 
the specific choice described in (|2.5p in order to achieve two basic inequalities, 

Pl/||z + p2/||z < ll/llz, 

sup(2'=/i"+2i°^-)||P,/|U.<||/||z. (2.6) 

The first inequality in p.6p is a consequence of the proof of Lemma 15.21 and is necessary because our 
nonlinearity contains several Riesz transforms, see (j2.3p . The second inequality in (j2.6l) is an easy con- 
sequence of the definition and explains, in particular, the choice of the sum in j. It can be combined 
with the basic dispersive estimate 

\\Pie-''''f\\L^<{l + t)-\l + 2'')\\fU., teR, (2.7) 

to show that 

||Pfee-"Vl|L- <(l + t)-'(2'-/i" + 2«^r'll/b, teR,keZ. (2.8) 
We can now state our main theorem in terms of the function U. 

Theorem 2.1. Assume N — 30, A^o — 20, and S = 1/100. There is e sufficiently small such that if 

\\Uo\\hn + ||C/o||y"o < e 

then there is a unique global solution U € C'([0, oo) : H^) of the initial-value problem 

r {dt +iK)U=\ E ■=! Ai?, [|V|A-i(C/ + U) ■ R,{U -U)\+l EU - U) ■ R,{U - U)] , 

\ C/(0) = Uo. 

(2.9) 

In addition, U G for any T > 1 and 

sup [(l + t)-*||e"^C/(t)||^« + ||e**AC/(t)||^«o] < \\Uo\\h« + \\Uo\\y«o- (2.10) 
te[o,oo) 

It is easy to see that Theorem 12.11 implies Theorem 11.11 since 

A-^\V\{m), vi^Rii^U), U2=i?2(3f/). 

On the other hand, Theorem l2.1l is a consequence of Proposition 12 .21 and Proposition l2. 31 below. We start 
with the local existence theory: 
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Proposition 2.2. (i) There exists (5o > such that for any Uq G satisfying 

llf/o||H3 <<5o, (2.11) 

there exists a unique solution U G C'([0, 1] : H^) of p.9p such that U{0) = Uq and 

sup \\Uit)\\HS < WUoWh-^. 
te[o,i] 

(a) Assume in addition that Uq G H^^ , M G [3,40] n Z. Then U G C([0, 1] : H^') and for any 
< s < i < 1, 

EAiit) < Em{s) +C \\U{t')\\z' ■ EM{t')dt' (2.12) 
where the M-th order energy, defined in p.4p below, satisfies EM{t) — \\U{t)\\'^^M uniformly in time and 

ll/llz' :=sup(2'=/2 + 22'=)||Pfe/|Uo.. (2.13) 

(Hi) With Nq as in Theorem \2.1\ assume T >1 andU e C([0,r] : iJ^«) is a solution of dSj]) with 
the property that Uq G . Then 

sup \\e''^U{t)\\y., <C{\\U4y-o, sup \\UmH-o,T), 
te[o,T] te[o,T] 

lim \\e'''^U{t') - e''^U{t)\\YNo = 0, for any t G [0,T]. 

The main conclusion in the proposition is the energy inequality (|2.12p , which depends on the Z' norm 
defined in (|2.13|) . This norm has to be chosen strong enough to allow for the energy inequality (|2.12p to 
hold; in particular 

||5.i?,/|U.^ + |li?,/|U'<|l/|lz', J,fcG{l,2}. 

On the other hand, the Z' norm has to be chosen small enough, in such a way that the function t — > 
||t/(i)||2' is almost intcgrable in time; the main inequality we need is 

l|e-**^/||z' < (l+t)-'||/||z, foranytG [0,oo), (2.14) 



which is an easy consequence of 

To prove the global result in Theorem 12.11 we also need the following bootstrap estimate: 

Proposition 2.3. Assume that U G is a solution of the equation 

. 2 . 2 

{dt + tA)U='-Y^ AR, [MA-\U + U) ■ R,{U - F)] + ^ ^ 1^1 i^^^^ - ^) ' ^^(^ ~ ^)] 
with the property that 

\\U\\x- <£o<l. (2.15) 

Then 

sup ||e^*^C/(i)-C/(0)||y«o <eo- (2-16) 
te[o,T] 
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2.1. Proof of Theorem 12.11 Theorem 12.11 is a consequence of Proposition 12.21 and Proposition 12.31 
Indeed, assume that we start with data Uo satisfying ||C/o|l/f« + ||C^||y"o — ^ for some e sufficiently 
small relative to the value of Sq in Proposition 12.21 (i). Assume that we have constructed a solution 
U e C([0,T] : H^) (using Proposition [2j (ii)), for some T > 1, such that 

sup |le**'^C/(i)||y«o < e^/^ (2.17) 

tG[0,T] 

Then, using ((2A4)) . 

\\Umz' <{l + t)-h^/\ foranyie [0,T]. 

Then, using (|2T2l) . 

Sjv(t)-£^jv(0) < Ce3/4 /■ + <e[0,T], 
Jo 

which shows that EN{t) < En {0){l + 1)^ , for any t e [0,T]. Therefore U £ and 

\\U\\^.<2e'/\ 

We can apply now Proposition 12 . 31 to conclude that 

sup ||e**^C/(i)-C/(0)||y«„ <e3/2^ 
te[o,T] 

In other words, if U satisfies supjgjg.T] l|6**'^t^(^)||i'"o < e'^^'* as in (|2.17p then J7 satisfies the stronger 
inequality sup^^jQ ^-j ||e**^?7(i)||y]Vo < ||i7(0)||yjvo + Ce^^'^. In view of the continuity of the norm Y-^° (see 
Proposition [2?2] (iii)), it follows that 

sup ||e**^C/(i)||yivo < 2||C/(0)||yiVo 
te[o,T] 

for any solution U G C([0,T] : H^) of the initial-value problem with ||C/o||ffiv + ||C/ol|y«o < e. The 
global regularity part of the theorem and the bound p.lOp follow, using again the energy estimate ()2.12p . 

3. Proof of Proposition 12.21 



In this section we prove Proposition 12.21 using the energy method. We regularize the equation by 
parabolic regularization, get uniform estimates and then pass to the limit. The method is, of course, 
well known. We present all the details here for two reasons: to justify the key energy estimate (|2.12p . 
with the somewhat unusual Z' norm in the right-hand side of the inequality, and to justify the claim in 
Proposition 12.21 that the solution defines a continuous flow in the Z space. These facts are important in 
passing to the global result. 

We start with the main lemma. 

Lemma 3.1. With K — 50, there is 5i > Q such that if 

Uo e H°° and \\Uo\\h^ < Si 
then, for any e > 0, there is a solution U = £ C{[0,1] : H^^^) of the approximate equation 

. 2 . 2 

{dt +zK-sl^)U= ^ 5] Ai?, [MK-\U + U) ■ R,{U - U)] + '- ^ |V| [R,{U - U) ■ R,{U - U)] (3.1) 
with initial data U{Q) = Uq. Moreover, 

sup \\Uit)\\HS<Si (3.2) 
*e[o,i] 
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id, for any a ^ [3, iiT] n Z and < s < ^ < 1, 

E^t) < EAs) + C I \\U{t')\\z' ■ E„{t')dt', (3.3) 



where 

2 

Ep:= I PU ■~PUdx--y^ ( [\\/\K-^[U + U)]-[RjP{U -U)- RjP{U -U)\dx, 

Jr^ ^=1 -^"^ (3.4) 

P=D°', \a\<a 

Proof of Lemma \3.1\ By standard parabolic theory, for any fixed e > 0, the equation p.ip admits a local 
solution U = U^ C{[Q,T%H'^+^), for some > 0, with 

sup \\U{t)\\H. <6i. (3.5) 
te[o,T»] 

In view of the definition (EH) 0, it follows that 

\\U{t)fH.<E„[t)<\\U{t)\\l., [0,T^], ae [0,X]. (3.6) 

We rewrite U = X + iY, thus 

2 

dtX = AY + eAX - ^ ARj(\W\A-^X ■ RjY), 



2 



dtY = -AX + sAY - (1/2) J2 l^liRjY ' RjY): (3.7) 
Ep^ [ {PXf + {PYf dx + y^ [ IVIA^^X • (i?jPr)2dx. 



Therefore, for P = D", \a\ < a. 



where 



^Ep = Ip + lip + IIIp + IVp + Vp + VIp - eVIIp, 
at 

Ip:= [ -2PX ■S2PARj{\V\A-^X ■ RjY)dx, 
Hp := [ -PY • VF|V|(i?jy • RjY) dx, 

2 

IIIp := V / |V|y • {RjPYf dx, 
IVp V / -|V|A"iX • 2RjPY ■ AR-jPXdx, 

2 „ 2 

V / - y \V\R^{\V\A-'X ■ R^Y) ■ {R.PYf dx, 
,=1 m=l 



^It is important to include the cubic terms in the definition of Ep, in order to obtain a key cancellation between the 
terms Ip and IVp in the formulas below. 
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2 2 

VIp := y / '\V\A-^X ■ RjPY ■ RjP\V\{ V i?„F • RmY) dx 

r ^ 

VIIp := 2 / V {draPX f + {d^PYf dx 
2 

+ V / 49™|V|A-iX • RjPY ■ d^RjPY + 2|V|A^iX • {d„^RjPYf dx. 

We would like to bound the terms in the expression above in terms of ||t/|||/^||J7||z'. For this we need 
the bounds 

2 2 

\\djRrnU\\L^+ \\dj{\'^\K-^X ■ RmY)\\L^ <\\U\\z', 

m,j=l m,j = l (3-8) 

\\K{D^fDf'g)\\L. < ||V/|U^||.9||h^ + g\\L^\\f\\„. , \a\, |/3| > 1, \a\ + < a. 

which are proved in Lemma [531 (recall that ||C/(t)||/f3 < 6i, t E [0,T^]). 
Using (ftsj) 

|///p| + l^p|<l|C/|ll/^l|C/||z'. 
Moreover, using also integration by parts and the formulas — |V| = diRi + 92i?2 and djR„i — djRm, 



\I^P\^ y. I / PRmY -Pd^iRjY ■R,Y)dx 

2 I- 



PR,nY ■ d„i[P{RjY ■ RjY) - bRjY ■ PRjY]dx + / PR^Y ■ dm{RjY ■ PR^Y) dx 



<\\U\\h4U\\z'+ V I / PRmY ■ djPR^Y ■ RjY dx 



<\\U\\U\U\\z' 
and similarly, 



I^^pI ;$ Y\ I / \^\^'^X ■ RjPY ■ djP{RmY ■ RraY) dx 

+ V I / I V|A-iX • RjPY ■ dj [P{R^Y ■ R^Y) - bPR^Y ■ R^Y] dx 
< V I / {\S/\A-^X■R,nY)■RJPY■^„^PR,Ydx + ||C/||h. ||C/||z' 

<\mumz', 

where = 1 if P = Id and = 2 if P = D", |q:| > 1. Therefore 

Y [\IIp\ + \IIIp\ + \Vp\ + \VIp\] < \\U\\l.\\U\\z'. 



(3.9) 
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In addition, using p.Sp and the bound (|5.11|) . 

\Ip + IVp\ = 2! y / RjPX ■ [PA{\V\A-^X ■ RjY) - K{\\I\k-^X ■ RjPY)] dx 

< ^ I / R,PX ■ A[P|V|A-iX . R,Y] dx + |l[/|ll^.|lC/|lz' 

<iZ\f R,PX-P\V\X-R,Ydx +|1C/|11,.|1(7|U,. 
Since |V| = —diRi — diR2 and 9ji?„, dmRj we can further estimate 

\ip + iyp\ ;S / R^PX ■ PdrnRrnX ■ R^Y dx 

,,m=l ' -^K^ 



j,m=l 



djRjnPX ■ PRjnX ■ RjYdx 



(3.10) 



Notice also that, for any m, j G {1, 2} 
/ d„,\\/\K-'^X ■ RjPY ■ dmRjPY dx 

< [ dm\V\A-^X ■ P^_^,o]RjPY ■ d„,RjPY dx + / dm\V\A-^X ■ P[i,^)RjPY ■ d^RjPY dx 

< \\yU\\l.{\\P(^^^^o]RjPY\\L^ + ||9„|V|A-iX|U<.) 
<||VC/||?,.||C/||k3. 

Since ||?7||/f3 is small, it follows that 

VIIp > 0. 

P^D", \a\<a 

The desired inequality (I3.3P follows for < s < i < T*^, using also p.9|) and (13.101) . A simple continuity 
argument, using this inequality with cr = 3 and the bound ||C/(i)||z' ^ shows that the solution 

can be extended up to time 1, which completes the proof of the lemma. □ 

We estimate now differences of smooth solutions. 

Lemma 3.2. (i) Assume K £ [10, 50], I (^R is an interval, and U, U' G C{I : H^+^) satisfy 
2 . 2 



. 2 



{dt + iK)U' = F' + jY^AR, [\V\A-\U' + U') ■ R,{U' - U')] + ^ E 1^1 i^^^^' - ' ^^i^' - ^')] 



on M2 X /. Assume in addition the F,F' E C{I ; H^) and let 

M„{t) 1 + \\U{t)\\H^ + \\U'{t)\\H^, a G [d,K] n Z. 



(3.11) 
(3.12) 
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Let 



U = X + iY, U' = X' + iY', = U' -U = + iY\ 



F = G + iH, F' = G' + iH', = F' - F = + iH^ . 
For any P = D°' , \a\ < a e [3, K] D Z, let 

2 

Ej,:=[ {PX^f + {PY^f dx + y^ I \^\^^'^X' ■ {RjPY^f dx. (3.13) 

Then, for any t Cz I for which M^[t) < 2, we have 

\dtEUt)\ < (AU + WF'mH^Wmj,. + \\U\\h^,4U'\\hv4U'\\h^ + \\U'\\h4F'\\h^. (3.14) 

(a) If U,U' e C(/ : iJ3) are solutions of (|3TT1) with F = F' = and M^{t) = 1 + ||?7(t)||H3 + 
\W{t)\\H3 < 2 for some t e I then 

\dtEUt)\<\\U'{t)\\l.^. (3.15) 
Proof of Lemma UTB The real variables X^ , Y^ , X' satisfy the equations 

2 

dtX^ = KY^ + - ^KRj{\V\K-^X' ■ R^Y' - \V\K-^X ■ RjY), 

2 

dtY^ = -AX^ + - (1/2) J2 |V|(i?ji^' • RjY' - RjY ■ RjY), (3.16) 

2 

dtX' = AY' + G' -^ARj{\\/\A-^X' ■ RjY'). 
i=i 

Using the definition p. 131) we calculate 

dtE^P ^4 + 14 + Il4 + IV^ + V^ + v4, 

where 

r ^ 

Ip := / -2PX^ ■ y PAi?j(|V|A"iX' • RjY' - \W\A-^X ■ RjY) dx, 
Ilf, := [ -PY^ ■ V P\\/\{RjY' ■ RjY' - R^Y ■ R^Y) dx, 

^ r 

mi V / \^\A-^dtX' ■ [RjPY^f dx, 
IV^ V / -\V\A-^X' ■ 2RjPY^ ■ ARjPX^ dx, 

2 . 2 

V^:^Y -\V\A-^X' ■ RjPY^ ■ RjP\V\{ V RmY' ■ R^Y' - R^Y ■ R„,Y) dx 

j = l m=l 

2 

VIp -.= 2 [ PX^ ■ PG^ + PY^ ■ PH^ + 2 V / I VIA^^X' • RjPY^ ■ RjPH^ dx. 
Clearly, 

\v4\<M3\\u'\\h4f'\\h^ 
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and, using the last identity in p.l6|) . 



\ii4\<i^^i + \\F'\\H^)\\uTH^. 



Also, using Lemma lOl (i) and the identities |V| — —diRi ~ ^2-^2 and djRm = dmRj, 

\IIp\ ^ E I / P^'- PM(R^Y' ■ RjY')dx\+Y, \ [ PY' ■ P\V\{R,Y ■ R,Y')dx 

<M^\\U^fH^+\\U\\HA\U^\\HA\U^\\H^+ y\ \ RraPY^ ■ dmPRjY^ ■ RjY^ dx 



tWL 



RrnPY^ ■ dmPRjY^ ' RjY dx 



j,m=l 



R,nPY^ ■ d^PRjY ■ RjY^ dx 



< M^WU^Wl^ + ||C/||H.+i||C/^||H.||C^'lli/3/2. 



Similarly, 



2 I I- 

\^p\^ \ \^\^'^X' -RjPY' ■djP{R„,Y^ -RmY' +2R,rX ■R.nY^)dx 

2 „ 

U^\\]i.+Kh\\U\\HA\U^\\HA\U^\\m+ y \\ \V\K-^X' -RjPY^ ■d.PR.nY^ -R^Y^ dx 



< M. 



j,m=l 



IVIA^^X' • RjPY^ ■ djPRmY^ ■ R,nYdx\ 



I VIA^^X' • RjPY^ ■ djPRmY ■ R„,Y^ dx 



<M3M,||C/^|||,. +A/3||[/||H.+i||[/*||H.||t^*llH3/2, 
and 



\li + IV^\ = 2! y / RjPX^ ■ k\P(\\J\k-^X' ■ R,jY^ + \\J\k-^X^ ■ R,jY) - \\I\k-^ X' ■ RjPY^] dx 

^ M:i\\U^\\H. + M,\\U^\\hA\U^\\h-^ + Y\ I RjPX^ ■ K[P\V\k-^X' ■ R^Y^] dx 

2 I /. I ^ I /• 

+ V / RjPX" ■ k[P\V\k-^X^ ■ RjY] + y / RjPX" ■ AriVlA^^A-^ • PRjY] dx 



Using also the estimate 

\\k{f ■ g) ~ kf ■ gU^ <\\fUA\9\\H^, 
see the proof of Lemma [531 (iii). it follows that 
2 



y| / R,PX' ■ k[Mk-^X' ■ PR,Y]dx <\\U'\\hA\U'\\hV2\\U\\h^^i+M„\\U'\\hA\U'\\h^- 
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In addition, for F e {F, F''}, 

V| / RjPX^ ■ K[P\\J\K-^X^ ■ RjY]dx < MsIIC/'^IIh- +y"| / RjPX^ ■ P\W\X^ ■ RjY dx 

<M^\\U'\\]j.+ V / d^R.PX' ■ PR^X' ■ RjY dx <M^\\U'fH.. 

Finally 

V|/ R,PX'-A[P\y\A-^X-R,Y']dx <\\U'\\h'\\U'\\hs,2\\U\\h^+i, 
and it follows that 

\Ip+IV^\ < M,\\U^\\%^ + \\U^\\h'\\U^\\h./2\\U\\h^^i. 
The inequality p.l4p follows from these estimates. 

To prove p.lSp we notice that the previous estimates can be improved if P = Id and F = F' = 0. 
Indeed, similar arguments as before show that 

\vil\ ^ 0, \iiil\ < Miwu'wl., \iiL\ < AhWu'wl,, 

l^idl < Afa'llC/'lli^, l^id + ^^idl <M3||C/'|li., 
and the desired inequality follows. □ 

We can now complete the proof of the proposition, using the definitions. Lemma [331 Lemma l3.2[ and 
the Bona-Smith argument [5]. 

Proof of Proposition \2.S\ (i), (ii). Assume A4 € [3, 40] H Z is fixed and J/q G iJ^^ is a given data satisfying 

||t^o||H3 < <5o ^1, 

where 5i is the small constant in Lemma [Ql Using Lemma [Q] for any k e Z+ and e > we construct a 
solution Uf. G C([0, 1] : H^+'^) of the equation ([3J|) . with initial condition f/|(0) = P(_oo,fe]C/o- It follows 
from (1321 and (lO) that 



sup ||C/|(t)||H3 < ||C/o||h3, sup ||C/|(i)||HM+^ <2^'=||C/o||ffM, dG {0,1,2}. (3.17) 
«e[o,i] t6[o,i] 

We fix k and apply now Lemma 13.21 to the solutions U := C/| and U' := Uf. , with F := £AJ7|, 
F' := e'AU^'. It follows from (|3J4| that 

mm ~ u^'u'Wh^ < mm - u^'m'H^ + f (mm - u^k'^i^ + ie+ e'wm - mmn^) 

X (l + ||C/f(5)||H.+2 + ||C/,!'(s)||H.+.)ds 

for any < t < t' < 1 and any cr G [3, if] n Z. Therefore, using (|3T7|) . 

sup \\Um~mmm'^-<C{k){e + e'), 
te[o.i] 

which shows that limj_j.o [/| exists for any k fixed. To summarize, for any k G Z-|_ we have constructed a 
solution Uk G C([0, 1] : of the equation 

. 2 . 2 

(a* + iA)C/fc = ^ ^ Ai?j [|V|A-i(;7fe + C4) • R,{Uk - C4)] + ^ ^ |V| [i?,(C/fc - Th) ■ R,{Uk - C4)] , 



14 



ALEXANDRU D. lONESCU AND BENOIT PAUSADER 



with Uk{0) = P{-oo,k]Uo. Moreover, see p.l7p . 

sup ||C/fe(t)||H3 < llC/olUa, sup \\UkmHM+^<2'"'\\Uo\\HM, d G {0, 1, 2}. (3.18) 
te[o,i] *6[o,i] 



We show now that the sequence {Uk]kez+ is Cauchy in C([0, 1] : iJ*^). For this we apply Lemma [3?? 
to the solutions U Uk and U' := Uk' , k + 1 < k' , with F = F' = 0. It follows from (|3T5)) that 

\\Uk'{t') - Uk{t')\\l2 < \\Uk'{t) - Ukiml, + I \\Uk'{s) - Uk{s)\\l. ds, 



for any < t < < 1. Since ||f/fc'(0) - f/fc(0)||i2 < 2-^^ it follows that \\Uk'{t) - Uk{t)\\L2 < 2-^^ for 
any t £ [0, 1]. By interpolation with p. 181) . 

sup WUk'it) - C/fc(0IU3/2 < 2-3fc/2. (3.19) 
te[04] 

It follows now from p.l4p and the bound p.lSp that 

\\Uk'{t') - Uk{t')\\j,M < WUk'it) ~ Uk{t)\\j,M 

+ {1 + \\Uo\\hm) I \\Uk'{s)-Uk{s)\\]jM +2-'''''\\Uk'{s)-Uk{s)\\ fjM ds, 



for any < i < < 1. Therefore 

sup WUk'it) - Uk{t)WH^i < C(||[/o||hm)[2-^'/2 + ||;7fc.(0) - Uk{0)WH^^- 
te[o,i] 

This shows that the sequence {Uk}kez+ is Cauchy in C([0, 1] : H^^). 

Letting U :— limfe^ocC^fc, we have constructed a solution U E C([0, 1] : iJ*^) of (|2.9p such that 
f/(0) = Uo and 

sup WUit)Wm < ||t/o||//3. 
te[o,i] 

The inequality (j2.12p follows from the corresponding inequality p.Sp satisfied uniformly by the functions 
U^. The uniqueness of the solution U follows from p.lSp . □ 

Proof of Provosition [K^ (Hi). Step 1. For any integer J > and / G we define 

ll/IU, :=sup(2'=/i" + 2i"'^-)[||Pfe/|U.+ ^ 2--(^'2-'-^)||^,(x).Pfc/(x)|U. 

and notice that 

ll/llz. <||/|U, II/I|Z..<7|1/|1^«0. 

It suffices to prove that for any t,t' £ [0, T] with < t' — t < 1, and any J G Z_|_ we have 

||e'*'^f/(t')-e'*^(7(i)||z, <C(T, sup ||C/(t)||H«o , ||[/o||z) • - <|(1 + sup ||e"-Ac/(s)|U,). (3.20) 

te[0,T] sG[t,t'l 

Indeed, assuming (|3.20l) . it follows easily that 

sup We''^U{t)Wzj <C{T, sup ||C/(i)||ff«„,||C/o||z), 
te[o,T] te[o,T] 

||e^*'^C/(t')-e»*''C/(i)||z, <C(r, sup ||C/(t)||^«„ , ||;7o||z) • |i' - t|, t,t'e[0,T], 

te[o,T] 

uniformly in J, and the desired conclusions follow by letting J — >■ oo. 
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To prove ([Q}]) we define V±{t) = e^'-^^Uit), as in section HI and use the formula (|4J|) . 
Letting 

it suffices to prove that for any s G [0, T] and (/i, i^) G {(+, +), (+, — ), (— , — )} 

Pm-(s)||z. < C{s, \\V+is)\\HM„,\\V+{0)\\z) ■ (1 + \\V+is)\\z,,), uniformly in J. 
In view of the definition, it suffices to prove that for any fc e Z and s e [0, T] 

j>o (3.22) 
< C{s, \\V+{s)\\H.„A\V+m\z) ■ (1 + r+(s)||z,,)(2'=/i° + 2io'=)-i. 

We prove this bound in several steps: first we estimate the sum over small values of j, see p.23p . Then 
we estimate the contribution of the very low frequencies of the inputs Vf^,V^, see p.26p . Finally, we pass 
to the physical space to estimate the remaining contributions using localization, see (13.28^ and p.30p . 

For simplicity of notation, in the rest of the proof we let C denote constants that may depend only on 
s, ||F+(s)||//jvo , ||V+(0)||z, similar to the constant in the right-hand side of p.22p . 

Step 2. Notice first that 

l|i^.(^)llL^ <2-(^«-i)'=+|iy+(.)|l^„„. 
Therefore \\PkA^,uis)\\L^ < 2'=2-(^°-i)'''+ 1| V"+(s)||^„„ and it follows that 

\\PkA^As)\\L2+ 2^||^j.PfcA^.(s)|U^ <C(2'=/i" + 2i"^)-i. (3.23) 

j<max(-41fc/40,2fc)+C(s) 

Step 3. To estimate the remaining sum 

j2 2--(^'2-'-^)|i^,.PfeA^,(.)iu., 

i>max(-41fc/40,2fc)+C(s) 

we decompose 

^rU.(e.«) ■■= I e-[^«)-^^(«-'')-''^('')l^fc(?)m^,(e,r;)i^(e-77,s)CK(ry,s)d,?, 

where 

Xl {(fci,fc2) e Z X Z : |max(fci,fc2) - k\ < 4}, 

-.^ {(fci, fcz) e Z X Z : max(fci, fca) > fc + 4 and |fci - fc2| < 4}, 
■= ^k u xl. 

Since 



(3.24) 
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see (j46l) - (j48| . it follows from ([33T|) that 

\\PlV±is)\\L^ < ||iyt^(0)|U» + (l + s)[2'||P[,_4,/+4]^+(s)||LHI^(-oo,/+4]^+(s)||L^ 

+ Yl (2'^^+2'=^)||Pfe,V+(.s)|U.|l^fe.^+WllL^] (3.25) 
(fei,fc2)eA'2 

<C(2'/i° + 2i°')-i. 

Therefore 
Therefore 

E E 2^-p^;i.^_,^(s)|U.<a2-io'=+. (3.26) 

j>max(-41fc/40,2fc) (fei ,^2)6 ATj. , min(fci ,fe2) < -2^/3 

Step 4. It remains to bound the contribution 

E E 2-'"0^^^-^)||^,.A^;,^,,^(.)iU2. 

i>max(-41fe/40,2fc)+C(s) (fci ,fc2 ) S^fc , min(fci ,fc2) > -2^/3 

For this we write, using p.24p . 

^fel ^2^^' = / Pk^V^iy, s)Pk^V^{z, s)Kj^l^ ^^{x, y, z) dydz, 

™rfcl,fc2(^'^) ™M!^(C>'7)'/'fe(C)<^[fci-l,fci + l](C- ?/)¥'[fc2-l,fc2 + l]W- 

Since 

sup \D"A{0\ <|„| 1, |a| > 1, 
it follows by integration by parts that 

IKkuk^^ ^)l ^ (1 + 2''^ + 2''^)(l^ - 2/1 + 1^ - ^1)-'" 27) 

if j > C(s), min(fc, ki, fca) > -40j/41, |a; - y| + |a; - ;j| > 2^-^ 
provided that the constant C(s) is fixed sufficiently large. Letting 

Bjlk^.k^^'^'S) := / V!^j^^{y,s)V;'^k^{z,s)K'^'^^^ ^^{x,y,z)dydz, 

' ' ' JR2xR2 

V^'^;(a;,s) (y5[j_4j+4] (x) • P;V;,(a;,s), 
it follows from p.27p that 

Since \\PiV+{s)\\l2 < 2-^"'+ 1| V^+(s)||^«o , I e Z, it follows that 

Y 2^ii^,.[<';^_,^(.)~i?^^;:^,^^,^(.)]IU2 < c2-^"'=+. (3.28) 

j>max(-41fc/40,2fc)+C(s) (fci ,fc2 ) G A'fc , min(fci ,fc2) > -2^/3 

Step 5. Finally we rewrite -Bj*^ f._^ fe2(*) frequency space, 

sg^fc2(e'^) = / e-[^(«'--^(«-'')-^^(''V^;;,^_,^(e,r,)TA5;(^-^,.)f5^ 
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and estimate 
Therefore 

j>max(-41/c/40,2A;)+C(s) (/ci ,/c2) G A'^ , min(A;i , ^2 )>-2j73 

(3.29) 

{ki,k2)&Xt;ki<k2j>W 

We estimate the sum in the right-hand side of p.29p in two different ways, depending on the relative sizes 
of k,ki,k2. ifl ki = min(fci,fc2) i [100 - 10k, k - 10] then we estimate || V^^^^ (s)||l2 < C2-^« '"^'^('^i-O), 
and the corresponding sum in the right-hand side of (13.291) is bounded by 

J2 Q<2ki+k22-Nora^^{ki,0)(^2''2/^° + 2^°''')-^\\V+{s)\\zj < C\\V+{s)\\zj2-^°''+ ■ 

{ki,k2)&Xk, fei</c2, fei^[100-10fe,fe-10] 

On the other hand, if fci — min(/ci, k2) G [100 — lOfc, k — 10] (in particular fc > 10, \k2 ~ k\ < 4) then we 
use II — C2~^°'', and the corresponding sum in the right-hand side of p.29p is bounded by 

J2 g,2fci+fe22-A^o/c(2fei/io _^ 2^°''')-^\\V+is)\\zj < C||VV(s)||z.,2-l°^ 

(fci,fc2)GA'fc, fci<fc2, /£ie[100-10fc,fc-10] 

Therefore 

E E 2-^"0--^^-^)||^,.sf,^,^^,j.)iU2 

j>max(-41A:/40,2fe)+C(s) (fci ,fc2)e A"* , min(fci ,fc2)>-2j73 (3.30) 

<C\\V+{s)\\z,,2-^"'^, 

which completes the proof. □ 

4. Proof of Proposition 12.31 

Recall first some of the notation from section[2J for / e i7^(K^) we define |V|/, Rjf, A/, and Pkf by 
multiplication with the Fourier multipliers 

e^iei, c^*e,/iei, ^^m = V^¥+b, ^ ^ = vm/2>') - m/2''-') (4.1) 

respectively, where a,b G (0, oo), j e {1,2}, k G Z, and : M — > [0,1] is an even smooth function 
supported in [—8/5,8/5] and equal to 1 in [—5/4,5/4]. For any set / e K let 

= E 

For any fc S Z let 

A;-|_ := max(fc, 0). 

Recah also the definition of our main spaces of "smooth" solutions (R^ x [0,T]), Y^^iR"^), and Z(R2) 
(see ([231) and ^^), where T > 1, = 30 and No = 20. 

The rest of the section is concerned with the proof of Proposition 12. 3[ which we recall below: 

Proposition 4.1. Assume that U € is a solution of the equation 

. 2 . 2 

{dt + iA)U = ^ E [|V|A-i(C/ + C7) • R,{U -[/)]+ ^ E M[RdU - U) ■ R,{U - U)] (4.2) 



^By convention, here and in the rest of the paper, [a,b\ := if a > b. 
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with the property that 
Then 



||C/|lx" < ^0 < 1. 



sup |!e"^C/(i)-C/(0)|ly«o <eo- 
te[o,T] 



(4.3) 



(4.4) 



We use first the method of normal forms to derive several new formulas describing the solution U. 
Then we use these formulas to prove the desired estimate (|4.4p . 



4.1. Renormalizations. Assume that U G X:^ satisfies the hypothesis of Proposition 14. II and let 

U+ U, U- := U. 
Let denote the spatial Fourier transforms, 

U^{^,t):^ f U^,{x,t)e-'^<dx, /i £ {+,-}, (C, i) e x [0, T]. 



The equation (|4.2p gives 

[dt+im\u+{^,t) = 



E 

(p,i.)G{( + ,+), ( + ,-), (-,-)} 



where 



m++{^,r)) ■= coi 
:= Coi 



m^„i^, v)Uf,{^ - rj, t)U^{r], t) dr], 



m — (C,»7) Coi 



4A(?7)iciie-??i 4A(e- 77)1^1 hi 



(4.5) 

(4.6) 
(4.7) 
(4.8) 



Letting 



V^it) := e^^'^U^it), U^iU) = %iU)c-^''^^^\ 
for ^ G {+.—}, the equation (|4.5p is equivalent to 



E 



Therefore, letting 

a>^,(e, r/) := A(C) - MA(e - ^7) - ^A(r;), (m, e {(+, +), (+, -), (-, -)}, (4.10) 

it follows that 



V+{^,t)-V+{tO)^ E 



JR2 



It follows from the definition that, for any {fi, v) e {(+, +), (+, — ), (— , — )}, 

l*M^'(C,'7)r'<l + niin(|C|,|,7|,|e-r?|). 
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Therefore, we can integrate by parts in s to conclude that, for any t G [0, T], 



(M,i')e{(+,+),(+ ,-),(- ,-)} 

For t£[0,T] let 



(M,i.)G{(+,+),( + ,-),(- -)} 

It follows that 



(p,>^)G{(+,+), ( + ,-), (-,-)} 



(4.11) 



- /J,!/ 

To calculate the functions i/^^/ we use the formulas, see ()4.9p . 

(M,i^)e{(+,+), (+,-), (-,-)} "^^ 
^-[^(^,5)]= 53 ^(«) / m;,,(e,x)f^(e-X,s)t^(x,s)rfX• 



(4.12) 



where 



m' {v, w) :~ m++(— u, — w), m'_j^{v, w) :— m_| (— w, — w), m^_|_(ti, ui) := m__ (— — w). 

Therefore 

e— ^«)i?++(^,s) 

E / "H+l^: 'y) [-[/^(^^ s)to^^(C - V, x)^m(^ ~V-X, s)U^(x, s)] d-qdx 



(p,l')G{( + , + ), ( + ,-), (-,-)} 



(M,<^)e{(+,+), (+,-), (-,-)} 



R2xE2 $++(.^,77) 



E L _^j7|^[^(^,s)"^M-^(e-'7,x)^(e-^-X,s);7.(x,s)]d77dx 



(M,i^)e{(+,+), (+,-), (-,-)} 



/ -r—77^[U+i^^'n^sWf,i'iv,x)Uf,ir]-x,s)U^{x,s)] dr]dx, 



(A.,i.)e{(-, -),(-,+), (+,+)} 
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and 



(M,i')e{(-, -),(-,+), (+,+)} 



(A.,i^)e{(-, -),(-,+), (+,+)} 
After reorganizing the terms, it follows that 





-(^,^,x)c/+(e- 


i],s)U+{i]- 


X,s)U+{x, 


s) dr]dx 


TO++_ 




ri,s)U+{r] - 


X,s)U-{x, 


s) dT]dx 


TO^I 




■q,s)U-{r]- 


X,s)U-{x, 


s) drjdx 


TO 


-(^,77,x)^(C- 




X,s)U^{x, 


s) d-qdx, 



where 



"^++(^,X)™++(C - X,?? - X) , ™++(C,?7)™++('7,x) , 'm+-{i,v)m'++{ri,x) 



»7, X := -j- 77 — ^ + 7^^^ + ^i- 7^^^ > (4-13) 

4, X) -j- -rr-e ^ + ^i" 7^^^ + "j" 7^^^ 

m+-{^,r])m'_+{v,r] - x) — (C,x)"^++(C - X,C - ^7) — it C - x)™V+ (C - X, C - ??) 

(4.14) 

m+-{^,T])m'__{T],'i] ~ x) m — (C,x)™-+(C ~ X;C - ??) — - x)™-+(C - X.C - 

(4.15) 

and 

^ m+^{^,x)m^^{^~ x,V~ X) , (^, x)to'__ (C - X, - x) , m^^{£_,T])m'__{f],x) 

™— ^^''^'^^ + + — ^iri?:^^^ — ■ 

(4.16) 

To summarize, we proved the following: 
Proposition 4.2. For t e [0,T] Zef 

C/+(i) = (7(t), U^{t)^W). V+{t) ^ e^'^U+{t), Vl(t)=e-"'^C/_(t), 

W(e,t)=e^*^(«)t/(e,t)+*e"^(«) 5: / !^l^!^U,{C~v,t)lKiv,t)drj, 

where to++,TO-| ,to are defined in (|4.6l) - (|4.8p and 

<1>^.(C, 7?) = A(0 - M(e ^Mv), (/i, ^) e {(+, +), (+, (-,-)}■ 
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Then 

^[V+{^,s)]= / m,,,(e,x)t^(C-X,s)tA:(x,s)dx, (4.17) 

as Im2 

(M,,.)e{(+,+), (+,-), (-,-)} •'^ 

and 

W{^,t)-W{^,0)=t f f 

Jo JR2xB2 



+ i 





h(e,^,x)t^(e- 


V,s)U+{r] - 


X,'S)^^+(X, 


s) drjdxds 




.(e,r/,x)f^(C- 


V,s)U+{r] - 


X,'S)t^-(x, 


s) drjdxds 




-(e,^,x)^(e- 




X,s)C^-(x, 


s) drjdxds 






77, s)C/_ (77- 


X,s)U-{x, 


s) dr]dxds. 



+ i 

IQ "'R2xR2 

where the symbols TO4.++,m+,| ,m-| , m are defined in (j4.13l) - (|4.16p . 

4.2. Estimates. In this subsection we prove the bound (|4.4p . as a consequence of Lemnia l4.3l and Lemma 
14.41 below. Using the dispersive estimate 

\\Pie-''^f\\L^<il + t)-\l + 2^')\\f\\Li, tern, (4.19) 

and the definition of the Z-norm, it foUows that for any I e Z and t e [0, T] 

1 + 2^' 

||P,C/±(i)||L~ < (1 + t)-i(l + 2'')\\PiV±hi < (1 + 0'^ ^;/io + 2io' ^°- 

Moreover 

\\IW~±it)\\L^ = l|i^(t)llL=o < I1P;^^±I1li < (2'/^° + 2io')"'£o. 
Therefore, using the assumption ||C/||j^'iv < Eq and the definitions (j2.4l) - (|2.5p . for any t G [0,T] 

\\PiU±mL2 + \\PiV±{t)\\L2 < £omin(2-^«', (1 + t)*2-^'), Z > 0, 
\\PiU±mL2 + \\PiV±it)\\L2 < £o2^'/i°, / < 0, 
(2'/i" + 2«')||/'iC/±(i)llL- <£omin(22',(l + <)-!), / e Z, 

l|/W±(t)||L== + iiiyf^ (t)IUoo < £o(2'/i° + 2io')-i, / e Z. 

Lemma 4.3. M^e /laue 

sup \\e''^Uit)~Wit)\\YNo<el 
te[o,T] 

Proof of Lemma \4-S\ Using the definitions, see Lemma 14.21 it suffices to prove that for any (/i, j^) € 
{(+,+),(+,-),(-,-)} 

sup ||F^.(t)||^«„ + sup \\F^,,{t)\\^<el, (4.21) 
te[o,T] te[o,T] 



(4.20) 



where 
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Step 1. We prove first certain estimates. For any fc g Z and t g [0,T] we have 
where, as before, 

Xl = {(fci, fca) e Z X Z : I niax(fci, fca) - fc| < 4}, 

Xl = {(fci,fc2) e Z X Z : max(fci,fc2) > fc + 4 and \ki - fca] < 4}, 

and 

PkM.k2^i^v) ■= Vk (0 ^^^^^ ' -i.fci+i] - ??)y>[fc, (t?). (4.23) 
We use the estimates (|4.20p and (|5.12p : for any < and t e [0,r] it follows that 
\\PkF^.{t)U2 < E (l + 2-''=^)2^-M|Pfc,C/±W||L2min(2'=||Pfc,C/±(t)|U.,||Pfc,t/±(t)|U») 

+ E 2'=ll^'fe.C^±WllLHin-.C/±WllL^ (4.24) 

{kiM)ex^,ki<k2 

<elmm{{l+t)-\2''). 
Similarly, for any fc > and i G [OjT], 

WPkFML^ ^ E '2'Hi + 2''^)2'^-\\PkMt)\\L^\\PkMmL^ 

+ E 2^'=(l + 23'=^)2'=||Pfe,C/±(t)|U=.||Pfc,C/±(0IU2 

(fci,fc2)eA:'i,-20fc2<fei<fe2 (4.25) 

+ E 2^''ii+'2"'^)nPkMmL4Pk2u±mL^ 

(kiM)eXl, fci<-20fe2 

<e^min(2-(^-3)fe^(^^^)-i2-i5fc)_ 

The bound on the first term in (j4.2ip follows easily from the last two inequalities. 

Step 2. We prove now the bound on the second term in (|4.2ip . i.e. for any fc G Z and t e [0, T] 

E 2^11^, • PkF^Mv^ < eo(2'/'" + 2^°'=)-^ 



Using (|4.24p and (|4.25p . it suffices to prove that 

j>Jk,t 

where, for some sufficiently large constant D, 

2-'''-* =D{l+t + 2-4ife/40)(i + 22*^). (4.26) 
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Using (14:22)1 and the formulas f/p(^,t) = e-^**^(«)y^(C, we write 



where, as before, Xk = U X^. Using this decomposition, it sufhces to prove that 

^ ^ 2^11^, • F,^::,,,, WIU. < e^2-l<"=^ (4.28) 

for any k £ Z and t G [0, T]. This is similar to the proof of Proposition 12.21 (iii) in the previous section, 

and follows from the bounds (g^Sl), (HSU, and below. 
Step 3. Since 

sup l^n, k^^^v)\ < (1 + 2--('^--'=^))2--('=^''==^), 

it follows from (IT^ that 
Therefore 

E E 2^ll^rfc„..WIU^^£o2-^°'^-+. (4.29) 

J>.-ffc,t (fci,fc2)GA'fc,min(fci,fc2)<-2j73 

Step 4. It remains to bound the contribution 

E E ^'yrKk,kML^- 

j>Jk,t (/ci,fc2)eA'fc,min(fei,/c2)>-2j73 

For this we write, using (|4.27l) . 



^ni,fc2(^'^)= / Pk,V^{y,t)Pk2Vt.{z,t)L'^'^^^,^^{x,y,z,t)dydz, 



Since 

sup \D^m\ <|a| 1 



it follows by integration by parts that 

\Lt%M 01 < (1 + 2^^^^ + 24'=^)(|a; - y| + la; - z|)-^° 

if 2^ > L>(1 + i), min(fc, ^1,^2) > -40j741, \x -y\ + \x ~ z\> V^^, 
provided that the constant D is fixed sufficiently large. Letting 

it follows from p.27p that 

11^. • [^rfc,.fc2W - G;i,,.fc2W]IU^ ^ 2-i"^-(i + 24^=^ + 24'=^)llP,,y+(t)y^ 



(4.30) 



L2. 
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(4.32) 



Since \\PiV+(t)\\L2 < 2-^»^+\\V+{t)\\„N„ , / e Z, it follows that 

E E ^'WV^ ■ iKk.Mit) - G^:kM,kM\\L2 < ^§2-^°'+. (4.31) 

j>.Jk,t (fci,fc2)eA'fc,min(fci,fe2)>-2j73 

Step 5. Finally we rewrite G^'^ (t) in the frequency space, 

and estimate 
Therefore 

j>Jfc,t (fci,fc2)eA'fc,min(fci,fc2)>-2i/3 

< E E 2^2^^+'=^(l + 2-"('=-'=^))||V;±^(t)|U2||V^±^(t)|U2. 

(fei,fe2)eA'fc, fci<fc2 i>io 

We estimate the sum in the right-hand side of p.29p in two different ways, depending on the relative sizes 
offc,fci,fc2- If fci =min(fci,A;2) i [100 - lOfc, fc - 10] then we estimate \\V^%{t)\\L2 < g^2-^t""^'^('^i^°), 
and the corresponding sum in the right-hand side of ()4.32p is bounded by 

(fci,fe2)eA'fc, fci<fc2, fci^[ioo-iofe,fc-io] 
On the other hand, if fci = min(fci, ^2) G [100 — lOfc, k — 10] (in particular k > 10, [^2 — fc| < 4) then we 
11^^2(^)11^^ ^ £02^^"'^, and the corresponding sum in the right-hand side of p.29p is bounded by 

C E eo2'-^+'^^2(i-^«)'^-(2''/'° + 2'°'0"'ll"t^+(i)llz <eo2"'°'. 

(fci,fc2)eA'fc,fci<fc2, fcie[ioo-iofc,fc-io] 

Therefore 

E E 2^11^, . G;_;,^_,Jt)||,2 < e§2-l«^^ (4.33) 

3>Jk.t (fci,fc2)eA'fc,min(fci,fc2)>-2i/3 

which completes the proof. □ 
Lemma 4.4. We have 

sup \\Wit)-WiO)\\YNo<el 
te[o,T] 

Proof of Lemma \4-4\ Step 1. We start again by proving Li^ estimates. Using (|4.18p . for any t € [0,T] 
and k £ "L we write 

F{Pk{W{t)-Wmm= E I f P^A^,s)ds, (4.34) 

{f,,^,a)e{{+,+,+),i+,+,-),(+,-,-),{-,-,-)} •'° 

where 

(4.35) 



and 



E e^'^(«) / Prferfc2fe3(^''?'X)^^(^-'?'^)-f^-('?-X,s)J^.(x,s)d77rfx, 
PkMM,kS^'^'^^ ¥'fc(0wM^<T(C,'7,x)<P[fci-i,fci+i](^- ?7)¥'[fe2-i,fc2+i]('?- x)V[fc3-i,fc3-Hi](x). (4.36) 
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Let 

yl {(fci,fc2,fc3) eZxZxZ: | max(A:i, fca, fcs) - k\ < 4}, 

:= {{ki, ^2, fca) e Z X Z X Z : niax(fci, fc2, fca) > k + 4, max(fci, fc2, /cs) - med(fci, A:2, fca) < 4}, 

yk:=yliiyl 

Using Lemma [5.51 and (|4.20p we estimate for fc < and s e [0,r], 

(kuk2M)&yi,ki<k2<k3 

[22'=^+i"'=(l + ,s)-i"||F,,[/±(s)|U.|in.C/±(.s)|U.||Pfe3C/±(s)llL^ 

+ (log(2 + s) + |fc|)||Pfc,t/±(s)|U2||Pfe,L/±(s)|U^min(2'=||Pfc3t/±(s)|U2,||Pfc3{/±(s)|U»)] 

(fcl,fc2,fc3)Gj'l,fcl<fe2<fc3 

+ log(2 + s) II Pfc, L/i (s) I 1 1 Pfc, [/± (s) I 1 1 {/± (s) I ] 
< £3(1 + s)-Hlog(2 + s) + \k\) min((l + 2^-). 
Similarly, if fc > and s G [0, T], 
||PfcPp..(s)|U. < 5] 27^=^ [22^-^(1 + s)-i"||Ffe,(7±(s)|U.||Ffc,[/±(s)|U.||Pfc3C/±(s)|U. 

{klM2,k3)&yi,ki<k2<k3 

+ log(2 + s) II Pfc, U± (s) II L~ II Pfc, C/± (s) II L~ II Ffe3 U± (s) II 

+ 5] 24'=(l + 23'=^)[22^Hl + ^)"'"l|P..f/±(^)llLHlPfc2C/±(^)IUHlPfe3C^±(^)IU^ 

+ log(2 + s) 1 1 Pfe, C/± (.s) 1 1 1 1 Pfc2 (s) lU- II Pfc3 (s) 1 1 L^] 

<£3(l + s)-9/52-(^-4)fc_ 

Therefore 

||PfcPM-(5)llL^ ^eo(l + s)-Hlog(2 + s) + |fc|)min((l + .s)-\2^-), if fc < 0, 

f4 37) 

\\PkF,,A''^)h2<sl{l + s)-'/'2-<^^-^^\ iffc>0. 
In particular, using (|4.34p 

||W^(t)-W^(0)||^«o <eil, te[0,T], 

as desired. 

Step 2. We prove now the remaining bound on the Z norm, i.e. 

J2 2^ll^j • Pk{W{t) - W^(0))|U2 < eg(2'=/i° + 2i"^)-\ 

for any t G [0,T] and fc G Z fixed. We fix a dyadic decomposition of the function l[o,t], i.e. we fix 
functions <7o, • • • , ^L+i : M — > [0, 1], |i — log2(2 + t)\ < 2, with the properties 

L+l 

^«(s) = l[o,t](s), suppgo C [0,2], suppgL+i C [t-2,t], supp q,„ C [2™-\ 2™+i], 

m— 

q™GC^(R) and / \q'm{s)\ds<l for m = 1, . . . , P. 

Jo 

(4.38) 
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Using the formula (|4.34p and inserting the partition {qm}m=o,...,L+i, it sufhces to prove that 

for any k e Z, m G {0, . . . , L + 1}, and any ly, a) G {(+, +, +), (+, +, -), (+, — ), (— , — , — )}. In view 
of (j4.37p and the support properties of the functions g^, it remains to prove that 



(4.39) 



E 

j>M{k,m) 

where, for some constant D sufficiently large, 

M{k, ■m):^D + max(7m/10, ~21fc/20, lOfc). (4.40) 

Step 3. We examine now the formula (j4.35p and estimate first the contributions of very low and 
very high frequencies. More precisely, assume j > M{k,m) is fixed. Using Lemma 15.51 with I = 
niin(/ci, /c2, fcs, "lOj) — 1 and (|4.20p we estimate, if min(/ci, k2; kj) < —2j/3, 



2xB2 



< el{l + 27<=)(2-20J29''/i02-^°^+ + j29''/52-™2-^'"=+) 



< £32-(Wo-7)c+2-'n29''/102"^'/2, 



Similarly, if max(fci, fc2, fcs) > j/lO and min(/ci, fc2, fca) > — 2j/3 (in particular {ki,k2,k^) £ yl), we 



where h = min(fci, fc2, ^3) and c — max(fci, fc2, k^) 
Similarly, if max(fci, fc2, fcs) > j/10 and min(A 
use Lemma [STSl with I = — lOj and (|4.20p to estimate 

Pkll k2 ksii^ ViX)PkiUA^ ~ 77, s)Pk^U^{'n - X, s)Pk;Ua{x, s) drjdx 

< ^3(^1 _^ 2''=)(2"2°^2^''/-^°2~2^''''+ _(_ j2'=2^^''/-^°2~2^'"'+) 



< ^3 2- {2 No -S)c 29b/ 10 

It follows easily that the corresponding sums are controlled as claimed in (I4.39P . Therefore it remains to 
prove that for any /c e Z, m e {0, . . . , L + 1}, and {fi, v,a) G {(+, +, +), (+, +, -), (+, -, -), (-, -,-)}, 

2'\ipr j <lAs)PkF^''%s)ds\^^<el2-''>''+2-'^'''>'>\ (4.41) 

j>M{k,m) ^ 

where, with Qj := P[-2j/3,j/w], 



m^,ua{£„ V, X)Q3U^,{£, - 1], s)QjU^{T] - X, s)QjUa{x, s) d-qdx- (4.42) 



Step 4. The claim (|4.4ip is proved in Lemma see (|5.20p . if (/i, a) = (+, +, — ). In the remaining 
cases, using first the bound (|5.19l) . it remains to control the sum over j € {M{k,ra),M'{k,rn)\. More 
precisely, we have to prove that 



E 2^" 

M(k,m)<j<M'(k,m) 



fj ■ / qm{s)PkF^ (s) ds 



L2 



(4.43) 



for any k e Z, m £ {0, . . . , L + 1} , and {fi,v,a) £ {(+,+,+), (+,—,—), (—,—,—)}. Since M{k,m) 
M'{k,m) if 771 < max(— 21fc/20, lOfc), we may assume that 

77Z > max(-21A:/20, lO/c), M'{k, m) ^ D + m. 
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The bound ()4.43|) follows easily ifm = Oorm = L + l, due to the support properties of go and ql+i- 
Indeed, if m G {0, L + 1} then 



<2™ sup sup ||PfcF;'^"(s)|U=. 

L- s6[2"-i,2'"+i] M(fe,m)<j<_D+m 



E 2^ 

M(k,m)<j<D+m 

We use Lemma [5.51 with r = 2, I = — lOOj and appropriate choices o{ pi,p2,P3 to show that 

\\PkF^'""'{s)\\L- < (1 + mf 2-2-2-"'=+. 
Therefore, for (I4.43P it remains to prove that if 

TO > max(-21fc/20,100fc), ki,k2,k3 £ [-2{m + D)/3, {m + D)/10], m e {D, . . . , L}, (4.44) 
and 

in,i^,<7) e {(+,+,+),(+,-,-),(-,-,-)}, then 



< g32-iofc+2-ioi'™/ioo 



(4.45) 



Step 5. We rewrite 



(4.46) 



where Pkll^k^M and 

«'A...<T(e, X) := A(0 - M(C - V) - vK{ri - x) ~ '^A(x) 
To prove (|4.45p we integrate by parts in s; the key observation is that 



*m^<t(^,?7,x) > 7- ^-FiTTTc M TTh forany^,?7,xGK2, (4.47) 

l + mm(|^|,|^-77|,|r?-xUxl) 

for (/i, v.a) e {(+,+,+), (+,-, -), (-, -,-)}. This follows easily from (lO)) . Therefore, for any £, e M^, 



gm(s)PfeF^''^%_fe3 (^, s) ds = c 



[g™(s)Pfci V^(^ - 77, s)Pk.,Vu{ri - x, s)^'fc3"^^'^(x, •«)] drjdxds. 



Using the properties of the functions qm in (|4.38p . it follows that the left-hand side of (|4.45p is bounded 
by / + // + /// + IV where 



I := sup 

sGsupp q„ 



// := 2™ sup 

sGsupp q. 



Ill := 2" sup 

SfESUpp qrr 



R2xR2 ^'Ml/cr(Cj??:X) 

(C,'7,X) 



/y := 2™ sup 

s^supp g„ 



PkiU^i^ - r), s)Pk2U^{'n - X, s)PksUa{x, s) dvdx 

Pk^Z ^.{^ - -q, s)Pk^Uy{r] - X, s)Pk^Ua{x, s) drjdx 
PkiUf,{^-ri, s)Pk2 Z^{r] - x,s)Pk3Uaix,s) dijdx 



Pki Uf,{C - 77, s)Pk.^Uy{ri - X, s)Pk^Z^{x, s) drjdx 



and 



Z^(C,s) :=e-^-^(?).£[F^(C,s)] 
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Using the identity ()4.17|) . together with the formulas (|4.6|) ~ (|4.8p . and the bounds (|4.20p we estimate, for 
any / e Z and s G supp qm , 

\\PiZ+{s)\\l-2 < E \^^^^^.u{Lx)^\K^^-X.s)P^,{x,s)dx 

ihMeXi (M.>^)e{(+,+), (+-),(--)} 

< Yl (2'^/'* + 23'^)min(||P,,{/+|U.||^;.C^+IU~,ll^'ht^+llL-ll^';.t^+llL0 (^'^S) 
iii,i2)exi,h<i2 

We apply Lemma [5?71 and the bounds and Recalling and pTTf)) . 

I + II + III + IV < e42-2m220fc+2™/2^ 

and the desired bound (14.45^ follows. □ 

5. Technical estimates 

In this section we collect several technical estimates used in the rest of the paper. We start with 
estimates on the function A. 



Lemma 5.1. With A{x) = ^a|a;p + b, A : ^ R, we have 

sup(l + |a;|)l"l-i|i?"A(a;)| <|„| 1, (5.1) 

1 

< 1 + min(|x|, |?/|, |x + j/l) for any x,y e M."^ , (5.2) 



\A{x) ± Aiy) ± Aix + y)\ 
and 

— -^^^L < |vA(x)-VA(y)| < foranyx,yeR^ (5.3) 

Moreover, j/$^^(^,?7) := A{0 - fiA{^ - v) - ''Hv) as m e {(+,+),(+,-),(-,-)}, then 

|V4,^$^,(e,?7)l < l<I'p.(e,r/)| forany^,rjeR^ (5.4) 
Proof of Lemma \5.1\ The bound (|5.ip follows from the definition. To prove (|5.2[) we estimate 

A(a;) + A{y) - A{x + y) > Vb 

if la; + ?/| < max(|a;|, |y|), and 



A(a;) + A(y) - A(.x + y) > iy^a\x\^+b ~ ^\x\) + {y^a\y\^ + b - ^\y\) - {^/a\x + y\^+b - ^\x + y\) 

> max[(Va|2:|2 + 5 - V^\x\), {y^a\y\^ + b - ^^|y|)] 

>max[(l + |x|)-\(l + |y|)-i] 

if \x + y\> max(|a;|, \y\). The bound ((5?2|) follows. 

The upper bound in (|5.3p follows from the uniform bound HD^AUlo" ^ 1, see (|5.ip . To prove the lower 
bound in 1^ let A(r) = y/ar^ + b, A(^) = A(|C|). Then 

|VA(:r) - VA(y)p ^ [A'(|x|) - A'dj/I)]' + 2A'(|x|)A'(|y|) (l " ^ ' ^) • (5-5) 
Notice that, for any u < v E M+, 

A'(T;)-A'(zi)= T— -^^>f^ and X'{v)X'{u)> ""^ 



„ (6 + as2)3/2 - l + „3 V/ 
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Therefore, using ()5.5 



X ^wm2^ i\x\-\y\) 2|.t||w| - 2x • w ^ \x-y\' 
|VA(a;) - VA(y)p > 1- ' -> ' 



(1 + \x\^ + |2/|3)2 1 + \x\^ + \y\2 - (1 + + |2/|3)2 ^ 
as desired. 

To prove (I5.4p we may assume that $;^i/(Cj'7) ^ 1 (otherwise the bound foUows from (IS-ip V In 

particular, we may assume that (^, i^) G {(+, +), (+, — )}. Since $^ (^, 77) = — $++(^ — ry, it sufBces 

to consider the case {fi, v) = (+, +). Estimating as in the proof of (|5.2p . 



ry)| > (1 + + (1 + le - ?7|)-i + (|ry| + IC - r;| - (5.6) 

On the other hand, using (|5.5p . if 

1 < min(|77|, \i - < max(|77|, |^ - < \^\ (5.7) 

then 

|V4,,$++(e, r,)p < |VA(C) - VA(e - r;)p + |VA(e - r,) - \/Aiv)\^ 

< |A'(7) - A'(a)p + |A'(/3) - A'(a)p + + " 

< + /3-^ + {a + l3^ 7)(l/a + 1//3). 

where a :— \£, — rj], (3 :— \r]\, 7 :— \^\. The desired bound (|5.4p follows using also (|5.6p . in the range 
described in (|5.7p . In the remaining range |$++(^, 77)! > 1, see (|5.6p , and the desired bound (|5.4p follows 
from (|5A]). □ 



We show now that Riesz transforms map our main space to itself. 

C satisfies the symbol-type estimates 



sup sup |er'|9''m(0| < 1. (5.8) 

|a|e[0,10] i 



Then, for any cj) E Y^" 

\\^-\m-f)\\y.o<\\f\\Y^o. (5.9) 
Proof of Lemma \5.2\ Using Plancherel's theorem 

ll-^^'(m-/)||^«o < ||/||h~o. 

To control the Z-norm, we fix fc e Z, let g — F^^{m ■ /), and write 

iPj{x)Pkg{x) ^ Pkfiy) ■ (pjix)Kkix- y)dy where Kkiz) = c e'''^m{^)ip[k-i,k+i]iO d^- 
In view of dsn, \Kkiz)\ < 22*^(1 + 2''\z\)-'^, therefore 

\^,{x)Pkg{x)\<\^,{x)\ f \Pkf{y)\-\Kk{x~y)\dy+ f {y)Pkf{y)\ ■ \Kk{x - y)\ dy 

<\v,{x)\-2^\l + 2^+^r'-\\PU\\L^+ {\^,,-Pkf\*\Kk\){x). 

j'>j—i 
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Therefore 

(2^/10 + 210^-) ^ 2^\\^rPk9\\L^ 



j>0 j>Oj'>j-i 

<\\f\\z, 

as desired. □ 

Our next lemma is used several times in the proof of Proposition [521 
Lemma 5.3. (i) For any multi-indices a,l3 with \a\, |/3| > 1 and any f,g e we have 

||A(I?"/I?^g)|U. <|„|+|^| ||V/|U^||5||hi^i+i^i +l|Vff|U^||/||^^i=l+i^|. 

(ii) With the norm Z' defined as in (|2.13p . we have 

2 

j2mf\\L^+\\R,f\\z']<\\f\\z', 

J=i (5.10) 
^(2^ + 2^/i")||P,(/ . g)\\L^ < WfWz'Mm + \\f\\H49\\z'. 

(Hi) If f,g € H"^ then 

I|A(/-5)-A/-5||l^<II/IIlHI.9||z'. (5.11) 
Proof of Lemma \5.3\ For part (i), we estimate, for any k G Z^, 
\\Pk[A{DyD^g)]U2 < 2'^\\Pk{DVD^g)U2 

<2''\\P<k-4D''f\\L^\\Plk-4,k+4]D^g\\L-+^'\\P[k-4,k+4^^^ 

+ 2^= J2 \\Pk^D'^f\\L4Pk.D^9\\L^ 

ki,k2>k-3, |fci-fe2|<8 

< J2 2''"''l|V/|U~|lPfc,5||^/i=i + i.i + E 2'=-'='|lVg|U^||Pfc,/|l^i„i+i^i, 

fc'>fc-4 k'>k-4 

where P<i — P(-oc.i]- A similar calculation shows that 

\\P<o[A{D''fDPg)]\\L2 <|„|+|^| ||V/|Uo.||g||^|„|+|,| + || Vg|U=o , 

and the desired estimate follows. 

The first inequality in (IS.lOp follows from the definitions, since 

WPkRjfh^ + 2-''\\Pkd,f\\L^ < ||Pfc/|U~, k e Z,j e {1,2}. 

To prove the second inequality we estimate, for any fc g Z 
WPkif ■ 9)\\l^ 

< E \\P<k-if ■ Pk,g\\L^ + \\Pk,f ■ P<k-ig\\L^ + Y \\Pk^f ■ Pk.gh^ 

|fc2-A;|<3 |fci-fc|<3 A:i,fe2>fc-3, |fci-fc2|<8 

< Y min(2'=^2'=V2)||/||^,(2'=72 + 22'=')-l||g||^,+min(2^2'=/2)||^||^^(2'=/2^22^•)-'ll/IU' 

fc'>fc-3 

<min(l,2-3'=/2)[||/||^,||5||^, + ||/||^,||g||^,]. 
The bound in the second line of (|5.10p follows. 
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To prove part (iii), we decompose 

A(/-.9)-A/.5 = Fi+F2 + F3, 

Fi^ (A - Vb){Pk, f ■ Pk,g) - (A - Vb)Pk, f ■ Pk,g, 

fei,fe2ez, |fei-fe2|<io 

F2= - f ■ - (A - Vb)Pk, f ■ Pk.g, 

fci.fcaeZ, fci<fe2-ll 

kiMeZ; fe2<fei-ii 



Recalling that A — a|Vp + fo, we estimate easily 

II^iIIl^ < E 2^"lin.JllL^ • \\PkA\L^ < II/IIlHI.9||z' 

kiMe^, |fci-fe2|<io 

and 

ll^^2|U^ < E 2'^\\P<k.-llf\\L^- ■ l|Pfe2.9lU~ < \\f\\L49\\z'. 



To estimate ||F3||l2 we write F3 = cJ2k^.k2ez,k2<k^-ll ^fci,fc2' '^'^ere 

Fi,,k2 (^) / « (A(e) - A(e - v))PUi(. - v)Pi^9(.v) d^drj 

= / PkJ{y)Pk29{z)Gk^^k^{x,y,z)dydz, 

and 

Gfc,,fc,(x,2/,z) / e"-«e-^^-(«-")e-^-''(A(e)-A(e-77))^[fc,-i.fc,+i](e-'7)^[fc2-i,fc2+i](^)'^erfr; 

' — 2 

e^(-y)-Xe^(-.)-r,(A(^ + ^) _ A(x))¥'[fe,-i,fc,+i] (x)^[fc2-i,fc2+i] W ^X^^- 

Since |I?"A(0| <|a| (1 + ICI)'"'"' for any ^ G , by integration by parts in both x s-nd 77 we estimate 

\Gkuk2 i^^ y> ^)l ;$ 2^'^ (1 + \x ~ y\)-' ■ 2^^- (1 + 2'=^ |x - ^r^, 
provided that fc2 < fci — 11. Therefore 

ll^fc„fc2lU^ ;S2^-^||FfcJ|U.||Ffe,g|U», 
and the desired bound ()5.1ip follows. □ 

We prove now an important bilinear estimate, which is used repeatedly in section Recall the 
definition fc+ = max(fc,0) for any fc S Z. 

Lemma 5.4. For any (/i, v) G {(+, +), (+, — ), (— , —)} , k, fci, ^2 G andp, q,r £ [1, 00], r > 2, satisfying 
1/p+l/q + l/r — 1 we have 

Pi:MMi^^v)m-v)g{v)dv 

(5.12) 

< (1 + 22'=)(1 + 23™"('=i>'=^))(2'= + 2'=! + 2'=^)|l/|lip|l.g|li,2'=(i-2/'-), 
where P;^^.^ j,^ is as in (j4.23p . 
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Proof of Lemma \5.4\ We estimate the left-hand side of (|5.12p by 
sup 



< 



(-P[fc-i,fc+i] h) (a;)/(y)ff(z)Q^^j^^ {x, y, z) dxdydz 



where 



sup 



(5.13) 



(5.14) 



We assume that ^2 < fci (the case /ci < k2 is similar), thus max(fc, ^2) < fci + 4. Recall that $^i/(^, 77) 
A(0 ^ /"A(C ^ v) ~ ^nd the inequalities, see Lemma [5Jl 



1*^.(^,^)1"' < l + niin(|C|,h|,|e-^l), <min(l,|<i>M.(^,r?)|), |m| + |n| G [1,10]. 

The functions (^,77) "^^.(C, »7)'i5fc(C)'^[fci-i,fci+i] (^ - il)V[k2-iM+i\iv) sums of symbols of the form 
(2fe + 2'=^+2'=^)ai(Oa2(e-^)a3(77), 

sup sup [2'=l"l|5™ai(v)| +2''-il"'l|a'"a2(v)| +2'=^l'"l|a™a3(t')|] < 1, 

m|G[040] vGM? 

see (|4.6I) - (|4.8I) . Integrating by parts ^ and 77 in (I5.14p it follows that 

\QkM,kS^^ y, ^)| < (1 + 2''')(2'= + 2'-i + 2^-^) • [22'=^(1 + 2"""("-''^^)|y - z\)-^] ■ [22'=(1 + 2"""(°'^-) |x - yl)-^]. 
The desired bound (|5.12p follows from (|5.13p and the estimate 

\\P[k-iM+i]h\\L- <2^'^'-^'^'^\\h\\L2, r e [2,H. 

□ 

The last two lemmas, which concern trilinear estimates, are needed only in the proof of Lemma 14.41 
Lemma 5.5. Assume fc, fci, fc2, fca G Z btic? Z < min(fc, fci, ^2, fcs) — 1. Then 

Pr>:k2k^i^V,x)fii(-v)hiv-x)Mx)dvdx <(l + 23«)(22^ + 24^) 
' ^« (5.15) 

2''||/l||LHI/2||LHI/3||L2 + (min(S,fc)-02'=(l-^/'-)||/l|Up:||/2||LP2||/3||LP3] , 

where Pj^'^f,'^ ^.^ areas in (|4.36l) . a = medffci . k-?. k-i). c — maxffci . kn. feed, and pi,p2,P3,r [2, 00] satisfy 



1 



1 1 



1 



= 1. 



Pi P2 P3 7' 

Proof of Lemma [5. 51 We make linear changes of variables and relabel the functions /i, /2, /s- In view of 
the formulas (I4.13p - (|4.16p we consider operators of the form 

T[fij2j3m^M0 I mO(c,6+C3)77^'(?2 + 6,6)0(^-6 -6)0(6)^03(6)^6^6 

where m°{x,y) = '^^"[^'^j or m°{x,y) = and 771^ = 771^1, or 771^ = m'^^, for suitable ix,v & 

{+,—}. ft suffices to prove that 

l|r[/i,/2,/3]||L2 <(l + 23^)(22^+24^) 

(5 16) 

2''||/i||LHI/2||LHI/3||L^ + (min(S,fc)-02'=(i-2/.)|,^^|,^^^||j^||^^^|,^3||^^J 
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We can further decompose 

Tn[fij2j3m^M0[ m\^,v)^,,{v)Kj^{i-v)G{v)dv, (5.17) 

Since ||P„G||li < (2''^^ + 2^-^')||/2|U2||/3||i2, we estimate 

E r4/i,/2,/3]||L2 < ^(2^ + 2^^)(1 + 2")\\hU4W\L^ 

< (2^' + 23')(2'= + 2'=i)(2'=^ + 2'=^)||/i|U2||/2|U.||/3|U2. 

Since |lP„G|liP2P3/(P2+P3) ^ (2'''^ + 2''-^)||/2||lp2 H/sHlps , we estimate using Lemma[01 
r„[/i J2 J3]||l2 < 2'=(i-2/r)(^ ^ 22fe)(^ ^ 23--('^--"))(2'= + 2'=i)||A|Upi 1^^ 

< 2Mi-2/p)(i + 22'=)(1 + 23n"n(fei^"))(2fe + 2'=0(2''' + 2'=-^)||/i||lpi II/2IILP2 II/3IILP3. 



(5.18) 



LI 



It is easy to see that there are at most C + \ min(a, k) — l\ values of n in [/, 00) n Z for which r„[/i, /2, /s] 
is nontrivial, and for aU such values 2"""('''i'") < 2'»°d(fci,fc2,fc3)^ j.^^ desired bound (|5l6| follows. □ 

Lemma 5.6. Assume m e Z+, k e Z, {fi,iy,a) e {(+,+,+),(+,+,-),(+,-,-),(-,-,-)}, s e 
[2'"-\ 2'"+!]. Then, for any /i, /2, /3 e F^o, 

V 2^ ^,.Pfe^-i / e"*-"^«'''''^)m^,,(^,77,x)g7/i(e-^)Q772(^~x)Q^^ 

,>M'(fc,m) ^K'xK' 
< 2"51'"/5°2"^"''+||/i||yiVo ||/2||yNo ll/sllyJVo , 

(5.19) 

where, as in the proof of Lemma\^ Q.j = P[-2i/3j7io] , ^ iJ.v^{^,V,x) = A(^) - ^A(^ - 77) - i/A(?7 - x) - 
(tA(x), and for some sufficiently large constant D, 

M'{k, m) := D + max(TO, -21fc/20, lOfc). 

/n addition, with M{k,m) as in (j4.40p . /or an?/ /i, /2, /a G 1"^" 

^ 2-'" ^yPkF-' [ e^^*++-(«'''''^)™++_(C,7?,x)Qlri(e-'7)Q^2(ry-x)Q7r3(x)'i'?rfx 

j>M {k,m) 

<2-«l"°°2-l«'^-||M|^«o||/2||^«o||/3||y«o. 

(5.20) 

Proof of Lemma \5.6l We may assume that ||/i||yjvo — ||/2||yNo = ||/3||y«o — 1 and decompose the 
multipliers rnfj_i,a{^,r],x) into multipliers of the form m"(^,^2 + £,3)m^i£,2 + £,3, £.3) where, for some 

{{+,+),{+,-),{-,-)}, 

m^{x,y) = mf_,^{x,y) or m^{x,y) = mi_,^{x,x - y) or m^{x,y) = m'^^{x,y) or m^{x,y) = m'^^{x,x- y), 

) = ^/-''-' (^'^j or m°(a:, y) = ^z^'--' ^ - ^) . 
^ $mV'(x,2/) ^ '^^ $^v'(x,a:-2/) 

(5.21) 



LI 
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After relabelling the variables, as in the proof of Lemma [531 we consider the functions G^^^ 
i^, (7 G {+, — }, defined by 

JR2XR2 (5.22) 

where j > M{k, m), ki, ^2, fcs G [— 2j73, .;//10] n Z, m°, are as in (I5.2ip . and 

^^-(^'^2,6) A(0 - MA(e - 6 - 6) - ^^Afe) - ^Afe)- (5.23) 

Step 1. We estimate now 2^\\ipj{x) ■ Gj'klkz fc3(^)IU^ ^^^r fixed /ci, ^2, fca, j. For this we write, after 
changes of variables 

We decompose 

^j,ki,k2,k3 ~ / , ^n.i.k-i .k-,.k^ 

where 

JR2XR2 

X m°(e,z;)TO^(i;,C3)<^n(«) •i\A(C-^^)iO(« -6)^0^(6) d^^d^. 

Let 

^(C,^,^) V'fc(0<^[/ci-i,fci+i](C - w)</'[fc2-i,fc2+i]('y ~ 6)¥'[fe3-i,fc3+i](6) • "i°(^,-y)m^(w,^3). (5.24) 
For simplicity of notation we drop the subscripts j, fci , ^2 , fca and rewrite 

G'mMM = E Tr[Pk^h.Pkj2.Pk,h], (5.25) 

nGZ 

where, for any 31,32,^3 e ^^(M^), 

J-[Tr'^[5i,52,53]](0 / e*^*--(«'''-«-«3Vn(^^)Q(f,^^,C3)5l(C-^^)f2(^^- 6)51(6)^^^^6- (5.26) 
We will also need the representation of the operators T'^'^'^ [51 , 52 , 53] in the physical space, 

Tn''"[9i,92,g3\{x) ^ j gi{yi)g2iy2)g3{y3) ■ Rn'"^ix;yi,y2,y3)dyidy2dy3, (5.27) 



where 

i?r''(a;;2/i,2/2,y3) := c / e*(:^-yi)-«e'fei-a2)-i'g»fe2-a3)-«3 



(5.28) 



Recall that j > m + D for D sufficiently large, and 

sup \D^A{0\ <\a\ 1. 
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We prove bounds on the kernel using the formula ()5.28p and integration by parts. More precisely, 

we use the general bound 

/ e'^^gdx <N iKpy^\suppg\, < p < 1/p < K, provided that 

jR-i (5.29) 

\\D"g\\L^ <|a| \a\ > 0, \\D^f ■ IsuppslU- <|a| p'"'"', |«| > 1, |V/| > Uupp g , 

which follows easily by smooth localization to balls of radius ~ p and integration by parts. 

Recall that |fci|, |/c2|, l^al are all bounded by 99j/100. Integrating by parts only in ^, it follows that 

if \x - yi\ > 2-'"-i" then y2, 2/3)| < 2^^i2^ + |x~ yi|)-i"0. (5.30) 

Therefore, letting 

/j,fci(2/) := <y5[j-4j+4](2/) ■ Pkjliy), 

and noticing that the operators T^^'^"' are nontrivial only if n < max(fc2, k^) +4, 

J2 ■ Tr[PkJi - flM.Pkj2,PkJz\\\L. < 2-^°^". (5.31) 

To estimate the contributions of the functions fjf._^ we analyze two cases: n < — 4j/5 and n > — 4j75. 
If n < — 4j/5 then we rewrite in the frequency space, using the representation (|5.26p . 



^[Tr^[f}M,Pkj2,Pkj3m^ I e-*-"(«''^'«-«^) 



X Mv)Q{^,v,i:i)fl^^{i - v)Pkj2{v - ^3)Pkj3{C3)dvd^s. 
Since 1(5(^,^,6)1 < 1 + 2^"''''''^^^'''^''"'^ we estimate 

MTr^[fU,Pkj2,Pkj3]]\\^,<{i + 2'^^-^''^^''^^^^^^ 

Recalling that j > rn and max(fc, fci, fc2, fcs) < j/10 + 4, it follows that 

J2 2-'"||rr"[/i^,^,Pfcj2,Pfe3/3]||^, <2-"™/i02-7fc+2-2^/5. (5.32) 

n<-4j/5 

To estimate the contributions corresponding to n > — 4j/5 we reexamine the formula (|5.28p and notice 
that we can integrate by parts in either ^ or d or 6. As a result, using (j5.29p . the bound (|5.30p can be 
replaced with the stronger bound 

if |x - yil + |x - y2| + \x-y3\> V'^^ then |i?r"(^; yi,2/2, ys)! < {\x - V3\ + \x - Vi\ + \x - ^21)-'"°. 
As a consequence, if 

f^Miv) ■= '^[i-4j+4](y) • Pk2f2iy), flksiy) ■= fij-i.j+Miy) • Pkjsiv), 

it follows that 



^ 2^[\\vrTrr[fjM,Pkj2- f'fM^PkjzWi^. + hrTr'^ifik.jfM^Pkjz-fikJL^ ^ 

n>-4j/5 

(5.33) 

Finally, we estimate the contributions of T;5''"^[/j'^^^ , /J^.^, /|^^] in the Fourier space, using the formula 
Since |Q(C, ",6)1 ^ 1 + 23™^'^('=i^'=2,fc3)^ .^^e estimate as before 

||-^[rr'^[//,fe,,/j:fe.,/i:j]|L. < (i + 2^'"^'=''^''^^'^^)2'"^ 

Recalling that j > m and that the operators T"^""^ are nontrivial only if n < max(fc2, k^) + 4, 

J2 2^||rr"[/^,fe^,/2,^,/3,j||^, <2-"™/i02-'^'=+2-3j"/5. (5.34) 

—4j/5<n 
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It follows from the formula (fOSj) and the bomids (|53T1) . ([02|) . ([03| . and ([04| that 

and the desired bound (15.19^ follows by summing over j, fci, ^2, fca in the appropriate ranges. 
Step 2. It remains to prove (|5.20p . We may assume that M{k,m) < M'{k,m), i.e. 

m > max(-21A:/20, lOfc), M' {k,m) = D + m. (5.35) 

We define the functions G^'^'^ fca (|5.22p and we have to consider the cases v, a) = (+, +, — ) 

and {iJL,v,(j) = (—,+,+). We use first estimates to further restrict the ranges of the parameters: 
if j e [l,m + D] and fci,fc2,fc3 £ [— 2j/3, j/lO] then we use Lemma \5l5\ with r — 2, I — — lOOj and 
appropriate choices of pi,p2, P3 to derive the bounds 

l|Grfcr...,.3lU^;$j2"'"2^/'2-+ iffc<0, 

l|Grfer,fc.,fc3lU^ ;$ j2"'™niin(2-^/^2-i5^+,23V5) if fc > Q, 

where b = min(/ci, ^2, k^) and c = max(fci, k2, k^). Therefore 

\\G^MM^,M<j2-'"^2-''''- min(2^/l^2-+/^), 

so the contribution of the norms of the functions G^"^*^ j,^ ^.^ when j < 49m/50+2L) or when b < — m/50 
or when c > m/50 are bounded by (72~^'''^+2^^*'°^'"/^°''° as desired. It remains to prove that 

^'WfA^) ■ G'MMM(^)hl ^ 2-i°i"/i°°2-i°'=+, (5.36) 

where (p.,v,a) G {(+,+,—),(—,+,+)}, for parameters fc, m, j, fci, fc2, fca fixed and satisfying 

fci,fc2,fc3 e [-m/50,m/400], j (l[AQm/bQ + 2D,m + D], to > max(-21fc/20, lOfc). (5.37) 

We use again the identities Using (j^TMl) . ([g?^ . and the bound |(3(C,w,C3)l ^ 1 + 

23max(fci,fc2,fc3)^ .^^e estimate as before 

\\Kr[9i,92.93]\\L. < (l + 23--('=-'=-'=3))22n||g^||^,||g2||^,||g3||^,^ (5.38) 
for any 51,52,33 G £^(M^) and any n E Z. For (|5.36p it suffices to prove that 

^2^11^, .Tr'^[PfcJi,Ffe,/2,Pfe3/3]|L. < 2-""/io, (5.39) 

where fc, m, j, fci, fc2, ^3 satisfy (|5.37p . (^, i^, cr) G {(+,+,-),(-,+,+)}, and H/allyNo < 1, a = 1, 2, 3. As 
before, let 

c = max(fci, fc2, fca), a = med(fci, fc2, fca), 6 — min(fci, fc2, ^3)- 
Step 3. We estimate first the contribution to the left-hand side of ()5.39p coming from n < —Aj /'a. 
Notice that this contribution is trivial unless |fc — fci| < 4 and |fc2 ~ ^3! < 4. For any j >1 let 

/|~,Jy) :=¥'(-ooJ](y)-^fc»/"(2/)^ a = 1,2, 3. 

Since H/allyNo < 1, a G {1,2,3}, for any j > 1 we have 

WPkJc ~ /|j,feJlL^ < 2-^(2^-°/i" + 2i"'='«)-i, 

\\PkJo. - /<j,,JU^ + ll/<J,feJU^ < niin(29'=°/i",2-^°'=°), (5.40) 
WPkJc - /<j,,JIl^ + ll/<j,fcJUi < min(2-'=-/i«,2-i°'=°). 
Using (|5?37|) . ([08| . and ([O0|) it follows that 

||T'^'"'[^'fci/l>^'fc2/2,f'fc3/3] - r^'"'[/<4j75,fei'/<4j75,fe2'/<4j75,fc3]|L2 < 2"'/^°22"2"''^/^ 
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therefore, using ()5.37|) . 

To estimate the contributions of P^'"^[/<4jy5 fe^j /<4j/5 fea' /<4j75 kj ^^'^ ^^'^ physical space formula 
(|5.27p and Lemma [STTI Let ^^''°'(^, v, ^3, x, j/i, 2/2, Us) denote the phase in the integral defining the kernels 
R^""', i.e. 

^'""^(C,w,6,a^,yi,2/2,y3) ■■ ^ {x ~ yi) ■ £, + {yi - ^2) • v + {y-z - ys) -6 

+ s[A(0-MA(C-f)-i^A(i;-e3)-aA(6)]. ^ ^ 

RecaUing ([07)) . it follows from jO]) that if e [2"-\2"+i] then 

[s(A(0 - A(e - «) - A(z; - 6) + A(C3))] | = s| VA(0 - VA(C - «)| < 2™+", 
V53 [s(A(e) + A(e -v)- A{v - 6) - A(6))] I = .s| VA(« - 6) - VA(C3)| > 2™+^-^-^^+ > 29"/i°. 
Using (|5.29p and integrating by parts only in ^ in the formula (|5.28p . 

if > 2^-10 then \R++~ {x;yi,y2,y3)\ < 2-i°°^". 

Similarly, using (|5.29p and integrating by parts only in ^3 in the formula (|5.28p . 

if |y2 -y3| < 2*^/^+1° then \R-++{x;y^,y2,y3)\ < 2-l™^ 
provided that the constant D is sufficiently large. Thus 

"<-4j75 

for {fi, V, a) e {(+, +, -), (-, +, +)}. Using also (|5.4ip it follows that 

^ 2^>, . Tr[PkJuPkj2.PkM\L. < 2-"™/i°, (5.43) 

n<~Aj/5 

as desired. 

Step 4. We consider now the contribution to the left-hand side of (I5.39P coming from n > — 4j/5. 
Using Lemma (|5.5p , more precisely the bound (|5.18p , together with the bounds (|5.40p and the dispersive 
estimate (|4.19p . it follows that 

\\T,r[PkJl - /<,72,.,,^fc./2,Pfe/3]|L. < 2-^"/22-2rn2rn/4^ 

\\Tr"[.fh/2M^Pk,f^ - /L72,fe.'^fe3/3]|L. < 2-^/22-2'"2™/4, (5.44) 
\\Trr[fh/2M^fh/2M^P>^J^ - fLks^L^ ^ 2-^/22-2'"2"/4. 
To estimate the contribution of the functions /<jy2 fei ' f<j/2 k2 ' •^<j72 fc, recall the definitions (|5.42p 
and notice that, in the support of the function Q{£,,v,S,3)<Pn{v), 

I V«,C3..*++" (e, 6, ^, yi, 2/2, y3)| > 2^^"/i°, 

(0 45 ) 

I Vc.C3,.*"++(^, 6, 2:, yi, 2/2, y3)| > 2^^"/i°, 
provided that (|5.37p holds, \x\ 2^ , and |yi| + |y2| + |y3| < 2-'/^. Indeed, using (|5.3p . we notice that 
|Vc4'++-(^,«,6,a;,yi,y2,y3)| > 2^' unless 2^' < 

I Ve3^++- (^, ^, 6, a;, yi, y2, y3)| > 2'"+"2-io^+ if 2^" < 
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The bound in the first hne of ()5.45p follows. In addition, we have 

ii\W^^-++{^,v,^3,x,yi,y2,y3)\ < 2^^'/i° then 2^' < s|« - 2^|, 

if |V43*-++(^,t;,6,2:,yi,y2,y3)| <29j"/io then sji; - 2^1 < 29^/i"2io^+, 

if \V,^-++ii,v,^3,x,yi,y2,y3)\ < 29^/1° then < 29^/1021°^+. 

The inequality in the second line of (|5.45p follows. 

Given (|5.45p . we use (|5.29p as before to conclude that if n > —4:j/5 then 

^ llSf^J -^n U <j/2,ki' J <j/2,k2' J <j/2.k3i\\L^ 

The desired bound (|5.39p follows from (|5.43p , ()5.44p , and (|5.46p . This completes the proof of the lemma. 

□ 

Lemma 5.7. Assume that fc e Z, fci,fc2,fc3 G [—K,K/10] n Z for some K > 1, a = med(fci, ^2, fcs), 
c = max(fci, fc2,fc3); P e [2""+, 1], andpi,p2,P3 € {2, oo}, 1/pi + l/p2 + l/p3 = 1/2. Then 



(5.46) 



(5.47) 



< p-«2'^("++^+) [2-^°^ii/i||lHI/2||lHI/3||l^ + i^ii/iiiL.1 \\h\w. mwA 



where Pj^'^f.'^ ^.^ is as in (|4.36p . and t/ie smooth function : x x satisfies the inequalities 



inf |vE'(e,ry,x)|>p, sup sup |i?4%,x*(e, ^, x)l < 1- 

«,'?,X6»^ |a|e[l,20]C,r,,; — " 



(5.48) 



Proof of Lemma |5. 7) We decompose the integral in the left-hand side of (15.47^ as in the proof of Lemma 
5.61 see (|5.23p . More precisely, with Q defined as in (|5.24p . it suffices to prove that 



Q{£,.V,^3) 



fl{^-v)f2{v-^3)f3{h)dvd^3 



/r2xR2 *(C,W,C3)" 

<p-'26(^++^+)[2-10^||/l|U.||/2|U.||/3|U2+i^||/l|Up,||/2|U..||/^ 

where ^ satisfies the bounds 

inf \^{^,v,^3)\>P, sup sup \Dl^,i^^i^,v,C3)\<l- 

As in the proof of Lemma 15.61 we insert cutoff functions in v. Estimating the norms in the Fourier 
space and recalling the bound \Q{£,,v,^3)\ < 2^'^+, it follows that 

Qi^,V,^3) 



(5.49) 



(5.50) 



n<-lQK 



^,Vn{v)M-v)f2{v^£,3)M3)dvd^3 E P^'S^^+S^ 



(5.51) 



To estimate the remaining sum we pass to the physical space and estimate 

Q(e,^,6) 



-^n{v)fi{S, - v)f2(y - 6)/3(6) dvd^3 



< 



where 



sup 

llslll,2<l 



Rn{x\yi,y2,y3) := 



9{x)fi{yi)f2{y2)f3{y3)Rn{x; 2/1,2/2, 2/3) dxdyidy2dy3 



^(^,w,6) 



(5.52) 
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Using (|5.52p . it follows that 




Mv)M - v)Uv - ^3)M3)dvdi3 < p-«2«'(^++^+)||/i|| 




The desired bound (|5.49p follows from (|5.5ip and (|5.53l) . 
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